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ABSTRACT
Spectral unmixing is often relying on a mixing model that is only an approximation. Artificial neural networks
have the advantage of not requiring model knowledge. Additional advantages in the domain of spectral unmixing
are the easy handling of spectral variability and the possibility to force the sum-to-one and the non-negativity
constraints. However, they need a lot of significant training data to achieve good results.
To overcome this problem, mainly for classification problems, augmentation strategies are widely used to
increase the size of training datasets synthetically. Spectral unmixing can be considered as a regression problem,
where data augmentation is also feasible. One intuitive strategy is to generate spectra based on abundances that
do not occur in the training dataset, while taking spectral variability into account.
For the implementation of this approach, we use a convolutional neural network (CNN), where the input
variables are extended by random values. This allows spectral variability to be taken into account. The random
inputs are re-sampled for each data point in every epoch. During training the CNN learns the mixing model and
the characteristic spectral variability of the training dataset. Additional spectra can be generated afterwards for
any given abundances to extend the original training dataset.
Because the generative CNN minimizes the error between generated spectra and the corresponding ground
truth for the whole dataset during training, the variance of the spectra based on the same abundances is lower
than in the training data. We have investigated two approaches for improvement. One is to increase the variance
of the random input variables when generating new spectra. For the second, the estimated covariance matrices
are considered by the objective function.
The presented method is evaluated with real data, which were captured in our image processing laboratory.
We found that the augmentation of the training dataset with the presented strategy leads to an improvement
for spectral unmixing of the test dataset.
Keywords: Spectral unmixing, spectral variability, data augmentation, convolutional neural network
1. INTRODUCTION
In remote sensing, hyperspectral images (HSI) are an important source of information about the properties of
Earth’s surface. In recent years, they have also been used in industrial applications such as the food industry.1
In all cases they have the advantage of providing a large amount of information, despite being contactless and
non-destructive. This is because, unlike colour images, they have not only three colour channels (RGB), but
many narrow-band wavelength channels. In remote sensing, the distance to the object under investigation is
large and therefore individual pixels of a hyperspectral camera cover large areas. Therefore, there are often
several components, also referred to as endmembers, in one pixel. This also applies to fine-grained materials at
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smaller distances. To determine the relative proportions (abundances) of the endmembers in those mixed pixels,
spectral unmixing is used.2
Spectral unmixing is typically performed using mixing models, such as the linear mixing model (LMM).2
These models do not reflect the accurate physical conditions, but are approximations that work well enough in
many cases. The best-working mixing model depends on the particular application.3 Artificial neural networks
(ANNs) do not require the assumption of a model and have achieved significant improvements in many areas of
signal processing. For spectral unmixing, ANNs have also achieved promising results.4 They have the advantage
compared to most mixing models that they consider spectral variability implicitly. Mixing models that take
into account the spectral variability would be, for instance, the extended linear mixing model (ELMM)5 and
the generalized linear mixing model (GLMM).6 In addition, there is an iterative algorithm that minimizes the
violation of physical constraints by varying the endmember spectra.7
However, in order to achieve good results, artificial neural networks require large amounts of labelled and
representative training data. Otherwise, especially with a regression problem, such as spectral unmixing, there
is a high risk of overfitting. While large amounts of data exist for RGB images, there are only few labelled
hyperspectral images. Various techniques are used to address this problem, such as unsupervised training8 or
the use of convolutional neural networks (CNNs).4,9 Another approach is the augmentation of existing data,
which is frequently done for classification tasks.10,11 For spectral unmixing it is suitable to generate mixed
spectra with abundances that do not occur in the training dataset. We already presented a mixing model based
approach in the past, where we also considered spectral variability.12 It uses various mixing models to create
artificial mixed spectra from sets of endmember spectra. The advantage is that depending on the mixing model
only endmember spectra are needed. In this paper we present an alternative that uses a generative CNN instead
of a mixing model to generate additional mixed spectra considering spectral variability. In addition to the
endmember spectra, a certain number of mixed spectra are required. There is a similar approach that uses a
variational autoencoder to generate additional spectra, but only for the spectra of the endmembers.13
The further paper is organized as follows: In Sections 2 and 3 the basics of spectral unmixing and CNNs are
summarized, which are necessary to understand the presented augmentation strategy. Section 4 then describes
the generative CNN for data augmentation and the ideas behind it. In Section 5, the generated data and the
unmixing results are evaluated using real data. Finally the paper is summarized and conclusions are drawn in
Section 6.
2. SPECTRAL UNMIXING
Spectral unmixing is the process of estimating material fractions (abundances) based on the spectrum of a
mixture of endmembers.2 If the spectra of the endmembers are known, this is referred to as supervised spectral
unmixing. Most unmixing approaches are based on a mixing model, with the LMM being the most commonly




mp ap + Ω = M a + Ω . (1)
Here y ∈ RΛ is a pixel of a hyperspectral image sampled at Λ wavelength channels, M = [m1, ...,mP ] ∈ RΛ×P
are the spectra of the up to P involved endmembers, and a = [a1, ..., aP ]
T ∈ RP are their abundances. Differences
between y and the weighted sum of the endmember spectra are covered by Ω ∈ RΛ. In addition, non-linear
mixing models exist,3 which will not be discussed in detail here. The goal is an estimation of the abundances
â ∈ RP , which minimizes the squared error:
â = arg min
a
‖y −M a‖22 . (2)
Equation (2) can be optimized using the pseudo-inverse M† if Λ > P and rank(M) = P , which is the case with
HSI:
â = (MTM)−1MTy = M†y . (3)
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This estimation is not optimal for a general Ω . Regardless of the selected mixing model, there are two constraints
for a, which ensure physical validity: The non-negativity constraint (4) and the sum-to-one constraint (5).
ap ≥ 0 ∀p (4)
P∑
p=1
ap = 1 (5)
These constraints can be used to improve the estimation (2). An approach considering (4) and (5) is the Fully
Constrained Least Squares (FCLS) algorithm.18 Here, the Lagrangian L : RP+1 → R is used as the objective
function:







The additional variable l ∈ R is called Lagrange multiplier. By using this objective function, constraint (5) is
ensured. In addition, negative âp and the corresponding endmember spectra in M are removed in an iterative
process so as to fulfil constraint (4).
It is assumed in the mixing models that each endmember can be represented by a single spectrum. In reality,
however, endmembers may have varying spectra.19 These variations are referred to as spectral variability (see
Fig. 1). This can be caused by many factors, such as the surface structure and the lighting. There are also












Figure 1. Examples of spectra of an endmember contained in the colour-4 dataset presented in Sec. 5.
unmixing algorithms considering the spectral variability such as the ELMM5 and the GLMM.6 The ELMM
extends the LMM to
y = M Φ a + Ω , (7)
where Φ ∈ RP×P is a diagonal matrix. The elements of Φ correspond to scaling factors of the individual
endmember spectra in M. This increases the number of parameters to be optimized (in addition to the P
parameters of vector â) to 2 · P . The GLMM adds much more parameters and extends the LMM to
y = (MΨ) a + Ω . (8)
The matrix Ψ ∈ RΛ×P now contains a scaling factor for each wavelength channel of every endmember spectrum.
Here, the number of parameters to be optimized is increased to (Λ + 1)P . The estimation strategies for both the
ELMM and the GLMM satisfy the constraints (4) and (5).5,6
The presented conventional methods will later be compared to the CNN-based unmixing, which is introduced
in the next section.
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3. CONVOLUTIONAL NEURAL NETWORKS
Artificial neural networks can learn correlations on the basis of data, if correctly dimensioned. With a dataset
of many mixed spectra as data points, an ANN can be trained for spectral unmixing.4 If the spectra in the
dataset show spectral variability, this is also taken into account. This section first summarizes the basics of
CNNs. Readers who are familiar with these basics can skip the next subsection. Afterwards, the CNN we use
for spectral unmixing is presented.
3.1 Basics
Artificial neural networks are derived from biological neurons and have the ability to learn correlations from a
dataset. It is important that the dataset contains many representative examples. The aim is to achieve the
best possible generalization in order to correctly process previously unseen data. If the ANN is too large or
the training dataset too small, there is a potential risk of overfitting, i.e. learning the training dataset by heart.
If the net is too small, this can result in underfitting, which means the ANN is not able to correctly map the
relationships represented in the training dataset. Especially with regression problems, such as spectral unmixing,
it has been found that overfitting can easily become a problem.
Artificial neural networks are composed of artificial neurons. In general the neurons can have arbitrary
connections. However, most networks are connected in such a way that signal flow is only possible in forward
direction (feed forward networks) and the neurons are arranged in layers. If each neuron of a layer is connected
to each neuron of the subsequent layer, the layer is called fully connected layer. One layer can be described by
h = ϕ(Wx + b) , (9)
where h ∈ RK and x ∈ RJ are the K-dimensional output and the J-dimensional input of the layer, respectively.
The trainable parameters are the weights W ∈ RK×J and the bias b ∈ RK . The training is done by minimizing
an objective function using gradient descent. The activation function ϕ : RK → RK is applied element-wise and
must be non-linear, otherwise the ANN could only model linear relationships.
In CNNs convolutional layers are used, which are not fully connected. The neurons are only locally connected
and connections share weights. These layers can also be described by equation (9) but the matrix W of a
convolutional layer is sparse. The parameters in W consist of the convolution kernel, which is repeated. This
has advantages, especially in signal processing. The operation is spatially invariant because the convolution
kernel is shifted. In addition, the local relationships are preserved. Moreover, considerably fewer parameters
need to be trained, which helps to prevent overfitting.
In reality, several convolution kernels are used in each layer. This results in multiple outputs called feature





. . . . . .
Le × Ce La × Ca
C
L
Figure 2. 1D example of a convolutional layer: The input data consists of Ce feature maps each containing Le values.
They are convolved with Ca sets of filters, where each of the sets consists of Ce filters. The Ca new feature maps are the
accumulated convolutions of a set and contain La values each.
12
For CNNs, pooling layers are also used, which summarize a neighbourhood of values in a single values.11
Usually, max-pooling is used, which propagates the maximum of each neighbourhood to the next layer. Pooling
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has the advantage of reducing the size of the network in the subsequent layers, which reduces the computing and
memory requirements. In addition, better generalization performance can be achieved.
Furthermore, batch normalization is often used with ANNs.20 On the one hand, batch normalization com-
pensates the different distributions of the input data mini-batches. On the other hand, it compensates the
different distributions of the input data of deeper layers, which are caused by the fact that the parameters of the
previous layers are adjusted during training. Batch normalization is performed before the activation function




+ β . (10)
Here, µB and σ
2
B are the sample mean and variance of oe with respect to a mini-batch, the set of data points
considered in the current iteration. The parameters β ∈ R and δ ∈ R are trainable and ε ∈ R is a small number
that prevents a division by 0. In convolutional layers all values in a feature map share a pair of parameters β
and δ, while in fully connected layers each output value gets its own pair. With the initial choice of β and δ the
values can be shifted to a range of the activation function that has a high derivative, allowing for faster training.
Other advantages are higher possible learning rates and a regularizing effect.20 The next subsection presents a
CNN for spectral unmixing, which consists of these elementary components.
3.2 CNN for spectral unmixing
The CNN used in this paper for spectral unmixing is similar to the one we previously used for spatially resolved
spectral unmixing.4 However, because this paper focuses only on spectra and does not consider local relations,






Figure 3. First layers and last layer of the presented CNN: The first layers are a convolutional layer (conv) and a pooling
layer (pool). The last one is a fully connected layer. In between there are first more alternating convolutional and
pooling layers and then more fully connected layers. For the purpose of a better overview, only one feature map and one
convolution kernel is displayed in each layer.
The input data of the CNN are the pixels of the hyperspectral images, i.e. spectra, and the labels are the
abundances of the endmembers. The CNN can be divided into two parts, with the first part extracting features
and the second part using them for spectral unmixing. The first part consists of one-dimensional convolutional
layers that alternate with max-pooling layers. The second part consists of fully connected layers (see Fig. 3).
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for p = 1, 2, . . . , P (12)
is performed. This normalization and the last sigmoid function force the constraints (4) and (5). It has been
found that this leads to a better result than using a softmax layer at the output.4 The CNN is trained by
minimizing the mean squared error between a and â .
The presented CNN will be later used for evaluation, which is done by training the CNN with the non-
augmented and the augmented training datasets. The used strategy for augmentation is presented in the next
section.
4. AUGMENTATION USING A GENERATIVE CNN
A CNN like the one in Section 3 has to be trained in a supervised manner. This means that the training data
consist of spectra and the corresponding abundances of the endmembers. The difficulty here is that the output
variables are continuous. However, only discrete output values are possible in a limited training dataset, which is
why these should be sampled in as small steps as possible. This is usually not the case. For this reason, there is
a risk that the CNN, beyond the values available in the training dataset, will generalise poorly. In addition, the
spectral variability (see Sec. 2) leads to a non-negligible variance in the input values for the same output values.
The CNN is thus trained to determine the same output value for many input values, which further increases the
difficulty of a successful regression. Ideally, CNN learns the relationship between the abundances and the mixed
spectra and at the same time acquires an invariance to spectral variability.
The approach we use in this paper to address this problem is to artificially generate additional training data.
For this purpose, a generative CNN is used, where the abundances a are the input values and the generated
spectra ŷ ∈ RΛ are the output values (see Fig. 4). As a result, much more different output data are available in
the training dataset of the generative CNN. In reality, the spectra depend not only on the abundances but also on
the environmental conditions, which result in spectral variability. Because those conditions are not represented
as labels in the training dataset, additional statistically independent random input variables X ∈ RR are added.
These can be interpreted as the environmental information that has already been processed by some ANN. In




t. conv conv ŷ
Figure 4. The generative CNN as used for the results of this paper. Three transposed convolutions (t. conv) are used to
up-sample from abundances and random values to spectra. Depending on the dataset, more or less layers may be suitable.
For the last layer a convolution is used to merge the feature maps, which are not shown in this figure due to clarity.
The generative CNN consists basically of convolutional layers, which apply zero-padding to create larger
structures from smaller ones. This procedure is also called transposed convolution. Every layer in this network
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uses the sigmoid function (11) as its activation function. Input variables are the abundances a and the random
values X , which are interpreted as 1 × 1 sized feature maps. The output variables are mixed spectra (Λ × 1
feature maps). The generative CNN is trained by minimizing the cross-entropy loss function J1 between the
generated and the real spectra:





[yλ log ŷλ + (1− yλ)log(1− ŷλ)] . (13)
After training the CNN is able to generate spectra for any given abundances. By drawing X several times,
multiple spectra can be generated for the same abundances, so the synthetic spectra also show spectral variability.
After this CNN has been trained for many epochs, the spectra generated will be close to the mean spectrum,
i.e. have a lower spectral variability than the training data. This is because X is redrawn for each spectrum in
every epoch, and in the training data, the spectra tend to be concentrated around the mean spectrum. However,
it is necessary to redraw X in every epoch in order to get as many input values of X as possible and be later able
to generate new spectra using any realization of X . To address this problem we present two different approaches.
The first one is to simply increase the variance of X when generating new spectra compared to the training.
The second approach uses regularisation to increase the spectral variability. For this purpose, the objective
function (13) is extended by a term which minimizes the squared Frobenius norm between the estimated co-
variance matrices of all I real Ya = [ya1 , . . . ,y
a
I ] and all I generated Ŷ
a = [ŷa1 , . . . , ŷ
a
I ] spectra resulting from
identical abundances. The extended objective function (in contrast to (13) presented for all I spectra) is:
J2(Y








λi + (1− yaλi)log(1− ŷaλi)] + k1 ‖KYaYa ,KŶaŶa‖
2
F . (14)
The presented generative CNN is evaluated in the next section by generating additional data to improve the
performance of a CNN for spectral unmixing. In the next section, the different strategies presented here are
compared to each other and to spectral unmixing methods that do not use neural networks.
5. EXPERIMENTAL RESULTS
To evaluate our generative CNN we use real data acquired in our image processing lab. All datasets have 91
wavelength channels with an average width of 4 nm from 450 nm to 810 nm and 400 spectra per mixture. In order
to be able to capture HSIs of mixtures of the endmembers, we have filled them into small boxes (see Fig. 5).
Figure 5. Images of quartz sands (left) and colour powders (right) in boxes to be captured by our hyperspectral camera.
Two of the datasets consist of mixtures of coloured quartz sand. The first of them (quartz-3) contains
45 mixtures of maximum 3 components, which vary in abundance steps of 0.125 . The second one (quartz-4)
contains 56 mixtures of maximum 4 components, which vary in abundance steps of 0.2 . The datasets quartz-3
and quartz-4 have a low spectral variability and show an almost linear mixing relation. The third dataset consists
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of 56 mixtures of colour powders (colour-4), which also have a maximum of 4 components. Here, the components
are varied in steps of 0.2, too. The colour-4 dataset shows a high non-linearity between mixed spectrum and
endmember spectra and a high spectral variability. Therefore, its spectra are more difficult to unmix than those
of the quartz sand datasets.
All datasets are divided into a training dataset and a test dataset. The division is based on the abundances.
For the quartz-3 dataset, all mixtures in which no abundance has one of the values 0.125, 0.375, 0.625 or 0.875
are included in the training dataset, the remaining mixtures in the test dataset. This results in a total of 15
mixtures in the training dataset and 30 in the test dataset. For the quartz-4 and colour-4 datasets, all mixtures
in which no abundance has one of the values 0.2 or 0.8 are part of the training dataset, the remaining mixtures
of the test dataset. This makes a total of 16 mixtures in the training dataset and 40 in the test dataset. The
training datasets are used to train the generative CNN in order to be able to generate additional data. The CNN
for spectral unmixing is trained afterwards with the extended training datasets. The test datasets are used to
evaluate all methods in a comparison.
5.1 Evaluation of generated spectra
In this subsection we compare the generated spectra with the spectra in the corresponding test dataset. The
generative CNN was chosen as in Fig. 4, with a length of the convolution kernels of 5 and an upsampling rate
of 2. The exception is the first convolution kernel with a length of 23. The numbers of feature maps from
input to output are P + R, 32, 32, 16, and 1. For X we use a three-dimensional standard normal distribution.
Adam optimizer21 is used with a learning rate of 0.01 (other parameters as suggested in the paper) to train the
generative CNN over 4000 epochs. An example of generated spectra compared to the spectra of the test dataset
is shown in Fig. 6. In order to be able to compare the sets of spectra quantitatively with each other, we introduce
















Figure 6. Example comparing measured spectra (test dataset, 400 samples) with generated spectra (50 samples). The
shown spectra are from the colour-4 dataset with a = [0, 0.6, 0.2, 0.2]T and J2 was used for the training of the generative
CNN.








‖yi, ŷh‖2 . (15)
If this quality measure is averaged over all groups of spectra we call it global average minimum norm ∆GAMN.
Table 1 shows ∆GAMN for all datasets and presented methods for generating synthetic mixed spectra. To obtain
these results, we compared 400 generated spectra with the corresponding 400 spectra from the test dataset. It is
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Table 1. Comparison of ∆GAMN for all test datasets and the different variants of our generative CNN. The attributes
“same” and “double” refer to the variance of the random inputs during spectra generation compared to training.
∆GAMN trained with J1 (same) trained with J1 (double) trained with J2
quartz-3 0.1219 0.1168 0.0812
quartz-4 0.1113 0.1070 0.0787
colour-4 0.1242 0.1167 0.0967
shown that the best results can be achieved by regularizing the covariance matrices. By increasing the variances
of the elements of X , only a slight improvement over the standard version can be obtained. The results differ
only slightly between the different datasets. The quartz-4 dataset can achieve the best results. This is because
the colour-4 dataset has a higher non-linearity and the quartz-3 dataset has been split differently into training
and test dataset.
Whether these results apply to the results of the CNN for spectral unmixing, which is trained using the
augmented training data, will be investigated in the next subsection.
5.2 Evaluation of spectral unmixing
The test data of the datasets are to be spectrally unmixed in this subsection. The CNN from Section 3 is trained
with different training datasets, that are augmented by the generative CNN (see Section 4). For comparison,
the same CNN is trained with the non-augmented training datasets. Additionally, the results are compared with










(âpn − apn)2 , (16)
based on all N spectra of a test dataset, is used as a measure of performance. The constraints (4) and (5) are
fulfilled by all the methods compared here and, therefore, do not need to be further investigated.
As a method based on the LMM, the FCLS algorithm is used here. For the unmixing methods based on
the ELMM and GLMM, the solution found with the FCLS algorithm was used as initialization. In all these
methods, the mean spectra of all acquired endmember spectra are used in the matrix M .
For the generative CNN the same configuration is used as in the last subsection. The CNN used here for
spectral unmixing consists of a first part with three layers as shown in Fig. 3 (left). This is followed by a second
part consisting of two layers as shown in Fig. 3 (right). The length of the convolution kernels is 3 and the numbers
of feature maps from input to output are 1, 16, 32, 64, 64, and 1. Adam optimizer21 is used with a learning rate
of 0.01 (other parameters as suggested in the paper) to train the CNN for spectral unmixing. The number of
epochs depends on the dataset and how early overfitting problems occur. Therefore, the CNN is trained with
the quartz-3 dataset for 81 (not augmented) or respectively 251 (augmented) epochs, the quartz-4 dataset for 21
(not augmented) or respectively 51 (augmented) epochs, and the colour-4 dataset for 21 (both) epochs.
For the evaluation of the augmentation strategy, the existing training datasets are systematically augmented.
The quartz-3 training dataset is extended in such a way that all possible combinations of mixtures are available






20 (CNN-A20). The datasets consisting of up to 4
components, quartz-4 and colour-4, are extended in a manner that all possible combinations of mixtures are






16 (CNN-A16). The original training data are
always contained in the training datasets. If a mixture is already contained in the training dataset, no artificial
mixed spectra are generated for that mixture. Each augmented dataset is generated three times (compare with
Table 1): First with the generative CNN that was trained with the objective function J1 (no suffix), then with
a generative CNN that has been trained with the objective function J1 and the variance of X has been doubled
while generating the spectra (-D), and finally with a generative CNN that was trained with J2 (-J2).
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Figure 7. Root-mean-square error of the abundances for the different spectral unmixing methods applied on the quartz-
3 (top), the quartz-4 (middle), and the colour-4 (bottom) dataset, respectively. The dashed line is used for better
comparability and corresponds to ∆RMSE using a CNN with the non-augmented training data.
Figure 7 displays ∆RMSE for the different unmixing methods and datasets. It is evident that CNN-based
approaches work much better than those based on the (E/G)LMM. In return, the latter, of which the ELMM
based method works best here, have the advantage that they perform independently of any training data. It
is also noticeable that for the quartz-3 dataset, the LMM-based methods perform worse than for the quartz-4
dataset, although it is exactly the opposite for the CNN-based methods. This is because the quartz-4 dataset
is easier to unmix, but the available training data for CNN has gaps in the labels (see above). Augmentation
with the generative CNN results in an improvement in almost all cases. The only exception is the quartz-3
dataset, where a minimal increase of ∆RMSE occurs when only a few augmented spectra are used. In most cases
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it is helpful to have small steps in the labels of the augmented data. Improving the adaptation of the spectral
variability of the original training dataset has a small beneficial effect. The regularization (use of J2) works
better than doubling the variance of the elements of X . The quartz-4 dataset is the exception here, however, it
also shows a rather low spectral variability.
6. CONCLUSION
In this paper we have presented an approach that generates additional mixed spectra based on endmember spectra
and mixed spectra and that takes into account spectral variability. For this purpose, a generative CNN is used,
which has random inputs in addition to the abundances, representing other unknown input variables that cause
spectral variability. This can be used to augment existing training datasets, and these can in turn be used to
train a CNN for spectral unmixing. In addition, we presented possibilities to improve the adaptation of spectral
variability. Using real hyperspectral images, it has been shown that CNN-based methods are superior to methods
based on the (G/E)LMM. With sufficient additional generated spectra, a decrease of the root-mean-square error
of the abundances was achieved by the augmentation for all datasets. In many cases the regularization of the
estimated covariance matrices resulted in a slight additional improvement.
The presented approach could also be suitable for further applications and is not limited to spectral unmixing.
Whenever a regression problem is to be solved where the measured variables show a variance caused by unknown
variables, it would be imaginable to use an adapted version of this approach to augment limited training data. For
higher-dimensional output variables (in this case the abundances), online augmentation would also be feasible,
allowing a great amount of artificial data to be generated directly during training, which would otherwise have
far too high memory requirements.
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